Abstract. Let L be a line bundle over M . In this paper we associate an L∞-algebra to any L-Courant algebroid (contact Courant algebroid in the sense of Grabowski). This construction is similar to the work of Roytenberg and Weinstein for Courant algebroids. Next we associate a p-term L∞-algebra to any isotropic involutive subbundle of (DL)
Introduction
The notion of Courant algebroid was introduced by Liu, Weinstein and Xu as a double object of a Lie bialgebroid [9] . Courant algebroids also appear in multisymplectic geometry, topological field theory [12, 15] . In [16] , Roytenberg and Weinstein showed that Courant algebroid gives rise to an L ∞ -algebra. Later, a truncated L ∞ -algebra associated to a Courant algebroid has been considered by Rogers [12] .
The contact analogue of Courant algebroids was introduced by Grabowski under the name of contact Courant algebroids [6] . This is similar to Courant algebroids where the tangent bundle of the base manifold M is replaced by the gauge algebroid of a line bundle L over M , the C ∞ (M )-valued pairing is replaced by the L-valued pairing. To make the underlying line bundle L explicit, we use the terminology L-Courant algebroid (instead of contact Courant algebroid). However, the original definition of contact Courant algebroid is slightly different than ours. A similar notion of E-Courant algebroid has been introduced in [3] . The model example of an L-Courant algebroid is given by (DL) := DL ⊕ ((DL) * ⊗ L) with the structure similar to the standard Courant algebroid, where DL is the gauge algebroid of L. One may also twist this structure by a closed Atiyah 3-form ω ∈ Ω 3 cl (DL, L) of the Atiyah complex of L. We denoted this L-Courant algebroid by (DL) ω . Like Roytenberg and Weinstein, we associate an L ∞ -algebra to any L-Courant algebroid (cf. Theorem 3.5). However, in this paper, we are interested in a truncated form of this L ∞ -algebra (cf. Theorem 3.6). We also find some interesting results regarding this L ∞ -algebra. The L ∞ -algebra corresponding to the L-Courant algebroid DL can be seen as a semidirect product L ∞ -algebra of a representation up to homotopy (cf. Proposition 3.8). Moreover, there is a morphism from the Lie algebra Γ(DL) of derivations to the L ∞ -algebra associated to the L-Courant algebroid DL (cf. Theorem 3.9). Finally, we observe that the 2-term L ∞ -algebras induced from L-Courant algebroids defined by cohomologous Atiyah 3-forms are isomorphic (cf. Proposition 3.10).
In the next, we consider exact L-Courant algebroids and associate a third Atiyah cohomology class of L to any exact L-Courant algebroid. This approach is similar to the work ofŠevera [17] for exact Courant algebroids. However, due to the acyclicity of the Atiyah complex, the corresponding third Atiyah cohomology class is zero.
The notion of E 1 (M )-Dirac structure was first introduced by Wade [23] (see also [11] ). Later on, this notion has been formalized under the name of Dirac-Jacobi structures (or, Dirac-Jacobi bundles) [22] . Given a line bundle L over M , a Dirac-Jacobi structure on L is a maximally isotropic involutive subbundle of (DL) := DL ⊕ ((DL) * ⊗ L). Jacobi structures on a line bundle L can be seen as Dirac-Jacobi structures on L [22] . We also define ω-twisted Jacobi structures on a line bundle L, where ω ∈ Ω 3 cl (DL, L) is a closed Atiyah 3-form. An ω-twisted Jacobi structure on L induces a Lie algebroid structure on the 1-jet bundle J 1 L (cf. Proposition 3.15). Motivated from the gauge transformations of Poisson structures [18] , we also define gauge transformations of Jacobi structures by a closed Atiyah 2-form.
In the next, we show our interest on isotropic involutive subbundles of (DL) p := DL⊕(∧ p (DL) * ⊗ L). The graph of a closed Atiyah (p + 1)-form ω ∈ Ω p+1 cl (DL, L) defined by Gr(ω) = {(△, i △ ω)| △ ∈ DL} ⊂ (DL) p is an isotropic and involutive subbundle. An isotropic involutive subbundle ξ ⊂ (DL) p inherits a Lie algebroid structure.
In the next, we associate an L ∞ -algebra to any isotropic involutive subbundle ξ ⊂ (DL) p . This is similar to Rogers for multisymplectic structure and Zambon for higher Dirac structure [13, 24] . An
The set of Hamiltonian Atiyah forms are denoted by Ω
where △ α is any Hamiltonian derivation associated to α. This bracket is skew-symmetric but need not satisfy the Jacobi identity in general. However, we show that there is a p-term L ∞ -algebra on the complex
Ham (DL, L) (1) (Theorem 5.5). This L ∞ -algebra is called the algebra of observables of the isotropic involutive subbundle ξ. For any closed non-degenerate Atiyah 3-form ω ∈ Ω 3 cl (DL, L), we show that there is an injective morphism of L ∞ -algebras from the one induced from the isotropic involutive subbundle Gr(ω) to the one induced from the L-Courant algebroid (DL) ω (Theorem 5.9). Finally, we also associate a dg (differential graded) Leibniz algebra structure on the complex (1) associated to the isotropic involutive subbundle Gr(ω) induced from the closed non-degenerate Atiyah (p + 1)-form ω (cf. Theorem 5.11).
Preliminaries
In this section we recall some basic definitions which are essential to understand the main contents of the paper [1, 2, 8] .
2.1. L ∞ -algebras.
2.1.
Definition. An L ∞ -algebra consists of a graded vector space A = ⊕A i together with a collection
• (higher Jacobi identity) for all n ≥ 1,
for all a 1 , . . . , a n ∈ A, and σ runs over all (i, n − i) unshuffles with i ≥ 1. The notation ǫ(σ) is the usual Koszul sign in the graded context, and sgn(σ) denote the signature of the permutation σ.
It follows from the above definition that the degree −1 map l 1 : A → A is a differential. In other words, (A, l 1 ) is a chain complex. Moreover, l 1 satisfies the following Leibniz rule for the degree 0 skew-symmetric product l 2 : A ⊗2 → A:
for all a, b ∈ A. However, the product l 2 need not satisfy the graded Jacobi identity, but it does up to some terms involving l 3 . Similarly, for higher n, we get higher coherence laws that l k 's must satisfy.
An n-term L ∞ -algebra is an L ∞ -algebra (A, l k ) whose underlying graded vector space A is concentrated in degrees 0, 1, . . . , n − 1. The corresponding chain complex (A, l 1 ) is given by
In this case, it is easy to see that l k = 0, for k > n + 1.
Definition. Let
for all x, y, z ∈ A 0 and h ∈ A 1 .
A strict morphism is a morphism φ in which φ 2 = 0. A strict isomorphism is a strict morphism in which φ 0 and φ 1 are isomorphisms. 
for X, Y ∈ g and s ∈ V 1 .
We denote a representation up to homotopy of g by (
, one can form a new 2-term chain complex
In the case of a 2-term representation up to homotopy, we have the following [1] .
be a 2-term representation up to homotopy of g. Then the complex (3) inherits a 2-term L ∞ -algebra whose structure maps are given by
and where c.p. stands for cyclic permutation.
The above L ∞ -algebra is called the semidirect product of the representation up to homotopy.
for a necessarily unique vector field X ∈ Γ(T M ). The vector field X is called the symbol of △ and is denoted by σ(△). Derivations are sections of a Lie algebroid DL → M , called the gauge algebroid of L. The Lie bracket [−, −] is given by the commutator of derivations and the anchor is given by the symbol map. Note that, the Lie algebroid DL has a tautological representation on L given by the action of a derivation on a section. The corresponding Lie algebroid cohomology complex is given
where
. This is called the Atiyah complex of L and the
L-Courant algebroids
The notion of contact Courant algebroids was introduced by Grabowski as a contact analogue of Courant algebroids [6] . To make the underlying line bundle L explicit, we use the terminology L-Courant algebroid (instead of contact Courant algebroid). However, the original definition of contact Courant algebroid is slightly different than ours.
Let L be a line bundle over M .
3.1.
Definition. An L-Courant algebroid consists of a vector bundle E → M together with for all e, e 1 , e 2 , e 3 ∈ ΓE; f ∈ C ∞ (M ), where D : ΓL → ΓE is given by the following compositions
The last identification is induced from the pairing −, − . An L-Courant algebroid is denoted by (E, [−, −], −, − , ρ). A similar notion of E-Courant algebroid has been defined in [3] where the underlying bundle E may not be a line bundle.
Let
It follows from (LC4) that e, e = 0. Hence the bracket −, − is skew-symmetric. 
3.3.
Example. Let L be a line bundle over M . Then
is an L-Courant algebroid whose bracket, L-valued pairing and anchor are given by
, where pr 1 denotes the projection onto the first factor. The algebraic structure on DL := DL ⊕ J 1 L is also known as omni-Lie algebroid in the literature [2] .
Then one can twist the above bracket on Γ(DL) by ω,
This bracket together with the above pairing and anchor forms a new (twisted) L-Courant algebroid structure on DL. We denote this L-Courant algebroid by (DL) ω . The corresponding skew-symmetric bracket is given by
It is known from the work of Roytenberg and Weinstein [16] that Courant algebroid gives rise to an L ∞ -algebra structure. In a similar way, any L-Courant algebroid gives an L ∞ -algebra.
Let (E, [−, −], −, − , ρ) be an L-Courant algebroid with the corresponding skew-symmetric bracket −, − given by (4). For any e 1 , e 2 , e 3 ∈ ΓE, we define T (e 1 , e 2 , e 3 ) = 1 6 e 1 , e 2 , e 3 + c.p.
carries a 3-term L ∞ -algebra with the structure maps
for e, e 1 , e 2 , e 4 ∈ ΓE; s ∈ ΓL, and other maps are zero.
This L ∞ -algebra is similar to [16] for Courant algebroids. The proof is also similar to the one for Courant algebroids. Hence, we omit the details of the proof. We can restrict the above L ∞ -algebra to the truncated complex ΓL
carries a 2-term L ∞ -algebra with the structure maps
and higher l k 's are zero.
In the next, we observe few results associated to the L ∞ -algebra constructed in Theorem 3.6.
given by the above theorem. In the next, we show that this 2-term L ∞ -algebra can also be seen as a semidirect product L ∞ -algebra of a representation up to homotopy. We will define a representation up to homotopy of the Lie algebra Γ(DL) on the 2-term chain complex
Moreover, we define ν :
Then we obtain the following [20] .
3.7. Proposition. With the above notations
defines a representation up to homotopy of the Lie algebra Γ(DL).
Hence, it follows from Proposition 2.4 that the complex ΓL
L ∞ -algebra with the structure maps
Therefore, we have the following.
is same as the semidirect product L ∞ -algebra of the above representation up to homotopy of the Lie algebra Γ(DL).
Observation 2. Let L be a line bundle over M and consider (DL)
cl (DL, L), one can define a Lie algebroid structure on the bundle (DL) 0 := DL ⊕ L whose bracket and anchor are given by
for (△, s), (∇, t) ∈ Γ((DL) 0 ). One can view the above Lie algebra on the space of sections Γ((DL) 0 )
as a 2-term L ∞ -algebra whose underlying complex is given by (0 → Γ((DL) 0 )).
For p = 1, we have shown that the bundle (DL)
In the following, we show that there is a morphism of 2-term
3.9. Theorem. There is a canonical morphism
between 2-term L ∞ -algebras given by
Proof. The proof is straightforward and hence we omit the details. Please see [24] for a similar verification. 
Then φ = (φ 0 , φ 1 ) defines a strict isomorphism from the 2-term L ∞ -algebra induced from the LCourant algebroid (DL) ω to that of (DL) ω+dDLB . The verification is straightforward, hence, we omit the details.
3.1. Exact L-Courant algebroids. Let L be a line bundle over M . In the next, we study exact L-Courant algebroids and associate a third Atiyah cohomology class of L to any exact L-Courant algebroid. Due to the acyclicity of the Atiyah complex, the corresponding cohomology class is zero.
is an exact sequence of vector bundles.
The L-Courant algebroids of Examples 3.3 and 3.4 are exact.
3.12. Definition. A connection on an exact L-Courant algebroid E is a right splitting of (5) which is isotropic. In other words, a connection on E is a bundle map A : DL → E satisfying ρ • A = id DL and A(△), A(∇) = 0, for all △, ∇ ∈ Γ(DL).
Such a splitting always exist for an L-Courant algebroid. Moreover, if A is a connection and θ ∈ Ω 2 (DL, L) is a Atiyah 2-form, the bundle map (A + θ) : DL → E given by
is a new connection. One can show that any two connections on an exact L-Courant algebroid must differ by an Atiyah 2-form as in (6) .
Given a connection A, there is a curvature Atiyah 3-form H ∈ Ω 3 (DL, L) defined by
Then H is a closed Atiyah 3-form on L and hence exact. Using the bundle isomorphism A ⊕ ρ * :
we can transfer the L-Courant algebroid structure on DL = DL⊕((DL) * ⊗L).
More precisely, for (△, α), (∇, β) ∈ Γ(DL), the bracket, L-valued pairing and anchor are given by
This is the H-twisted L-Courant algebroid structure on 3.14. Definition. Let L be a line bundle over M . A Jacobi structure on L is a Lie bracket J = {−, −} : ΓL × ΓL → ΓL which is a derivation in both entries.
Note that a biderivation J = {−, −} can also be interpreted as an L-valued skew-symmetric map (denoted by the same notation) J :
Therefore, the corresponding induced map
and s ∈ ΓL. It can be checked that a biderivation J = {−, −} defines a Jacobi structure on L if and only if Gr (
In other words, Gr(J ♯ ) defines a Dirac-Jacobi structure on L.
cl (DL, L) be a closed Atiyah 3-form on L. It follows from Example 3.4 that (DL) ω is also an L-Courant algebroid. An ω-twisted Jacobi structure is a biderivation J = {−, −} : ΓL×ΓL → ΓL such that Gr (J ♯ ) defines an L-Dirac structure on the L-Courant algebroid (DL) ω . It is easy to see that J = {−, −} does not satisfy the Jacobi identity. However, if △ s = {s, −} ∈ Γ(DL) is the derivation associated to s ∈ ΓL, we have
Since any L-Dirac structure on an L-Courant algebroid gives rise to a Lie algebroid structure, we have the following.
3.15. Proposition. Let J be an ω-twisted Jacobi structure on L. Then the 1-jet bundle J 1 L inherits a Lie algebroid structure whose bracket and anchor are given by
When ω = 0, one recovers the notion of Jacobi structures on L and the corresponding Lie algebroid structure on J 1 L is the standard one associated to a Jacobi structure [10] .
In the next, we deform a Dirac-Jacobi structure on L by a closed Atiyah 2-form. Let ξ ⊂ DL be a Dirac-Jacobi structure on L and B ∈ Ω 2 cl (DL, L) be a closed Atiyah 2-form. Then it is easy to verify that
is also a Dirac-Jacobi structure. This Dirac-Jacobi structure is called the gauge transformation of ξ. If the Dirac-Jacobi structure ξ is given by Gr (J ♯ ) for some Jacobi structure J, then τ B (ξ)
need not be induced from the graph of another Jacobi structure. However, if the bundle map
then τ B (ξ) is the graph of a new Jacobi structure τ B (J). The Jacobi structure τ B (J) is completely determined by
In this case, the new Jacobi structure τ B (J) is called the gauge transformation of the Jacobi structure J. The gauge transformations of Jacobi structures are related to gauge transformations of Poisson structures via the so called Poissonization process. See [5] for more details when the line bundle L is trivial.
Isotropic involutive subbundles of (DL)
p Let L be a line bundle over M and consider the bundle
Then the bundle (DL) p carries a symmetric (
Moreover, the space of sections Γ((DL) p ) carries a bracket (higher Dorfman-Jacobi bracket) (9) and is called the higher Courant-Jacobi bracket.
Definition. A subbundle ξ ⊂ (DL)
p is called
A subbundle ξ ⊂ (DL) p is called a Dirac-Jacobi structure of order p (or higher Dirac-Jacobi structure) if ξ is Lagrangian and involutive. Note that any Dirac-Jacobi structure of order 1 is the usual Dirac-Jacobi structure [22] . However, we are only interested in isotropic involutive subbundles of (DL) p .
In the following we consider some examples of isotropic involutive subbundles of (DL) p .
Example. Let
is an isotropic involutive subbundle of (DL) p . This is isotropic because
Hence Gr(ω) is involutive. Observe that the bundle Gr(ω) is isomorphic to DL via the projection onto the first factor. Any isotropic involutive subbundle ξ ∈ (DL) p with this property is given by a closed Atiyah (p + 1)-form. Let ξ ∈ (DL) p be an isotropic involutive subbundle which projects isomorphically onto DL. Then
Since ξ is isotropic, we have the
is skew-symmetric in △, ∇. Therefore, B(△) = i △ ω for some Atiyah (p + 1)-form ω. Moreover, ξ is involutive shows that ω is closed.
One can generalize the above example in the following way. Let ω ∈ Ω p+1 (DL, L) be a Atiyah
is an isotropic involutive subbundle of (DL) p .
Isotropic involutive subbundles of (DL) p are related to Lie algebroids.
Proposition. Let ξ ⊂ (DL)
p be an isotropic involutive subbundle of (DL) p . Then the triple Proof. It follows from (9) that the restriction of the bracket [−, −] on Γξ is skew-symmetric. Therefore, it also satisfy the Jacobi identity beacause of (7). Finally, the Leibniz rule also holds beacause of (8).
Isotropic involutive subbundles and L-infinity algebras
Let ξ ⊂ (DL) be a Dirac-Jacobi structure on L. A section s ∈ ΓL is called Hamiltonian if there exists a derivation △ s ∈ Γ(DL) such that (△ s , d DL s) ∈ Γξ. Note that, △ s is unique up to smooth sections of ξ ∩ (DL ⊕ {0}). The space of Hamiltonian sections are denoted by Γ Ham (L).
For any s 1 , s 2 ∈ Γ Ham (L), one can define a bracket {s 1 , s 2 } := i △s 1 d DL s 2 . Then the bracket {−, −} defines a Lie algebra structure on Γ Ham (L). This Lie algebra is called the algebra of observables of the Dirac-Jacobi structure ξ. In the next, we consider isotropic invariant subbundles of (DL) p and their corresponding algebra of observables.
Let L be a line bundle over M and ξ ⊂ (DL) p be a isotropic involutive subbundle of (DL) p .
In this case, △ α is called a Hamiltonian derivation associated to α. Note that, △ α is unique only up to smooth sections of ξ ∩ (DL ⊕ {0}).
The set of Hamiltonian Atiyah (p − 1)-forms are denoted by Ω
where △ α is any Hamiltonian derivation associated to α. One can easily verify that the above bracket does'nt depend on the choice of △ α . Moreover, since
The bracket {−, −} is skew-symmetric as
The bracket {−, −} does not satisfy the Jacobi identity (in general), however, it does up to an exact (p − 1)-Atiyah form.
Ham (DL, L), we have {α, {β, γ}} + {β, {γ, α}} + {γ, {α, β}} = −d DL (i △α {β, γ}).
Proof. Since ξ is isotropic and involutive, we have
= d DL i △α {β, γ} + {α, {β, γ}} + {β, {γ, α}} + {γ, {α, β}}.
Remark.
A contact manifold is a manifold M equipped with a contact distribution H ⊂ T M . By a contact distribution H ⊂ T M , we mean a maximally non-integrable hyperplane distribution H on M . Note that any hyperplane distribution H can be viewed as the kernel of the vector valued 1-
is a closed non-degenerate Atiyah 2-form on L [22] . In this case the corresponding isotropic involutive subbundle is given by
Since ω is non-degenerate, we have Ω An alternative proof of the above proposition is given by the next lemma. This lemma will be used to construct an L ∞ -algebra associated to any isotropic involutive subbundle ξ ⊂ (DL) p .
Lemma. Let ξ ⊂ (DL)
p be an isotropic involutive subbundle of (DL) p . Then for any n ≥ 3 and
Ham (DL, L), we have
In [13] Rogers associate an n-term L ∞ -algebra to any n-plectic manifold. Later on, Zambon construct an L ∞ -algebra to any higher Dirac structures [24] . Inspired from their result, we also obtain an L ∞ -algebra to any isotropic involutive subbundle of (DL) p .
5.5. Theorem. Let ξ ⊂ (DL) p be an isotropic involutive subbundle of (DL) p . Then there is a p-term
Ham (DL, L).
The higher maps l k : A ⊗k → A, for 2 ≤ k ≤ p + 1, are non-zero only on A ⊗k 0 and they are given by
Proof. It is easy to see that the higher maps l ′ k s are skew-symmetric. Moreover, since the bracket {−, −} is independent of the choice of Hamiltonian derivation, it follows that the higher maps l k 's are well defined. One can easily see that the map l k has degree k − 2, for k ≥ 1. Thus, we only need to verify that l k 's satisfy higher Jacobi identities.
The higher Jacobi identity for n = 1 is equivalent to l 2 1 = 0. This is true in this case as l 1 = d DL is the Lie algebroid differential. To prove higher Jacobi identities for n ≥ 2 in our case, we observe that the k-multilinear map l k vanishes when one of its entries have positive degree. Therefore, if i + j = n + 1 and j ∈ {2, . . . , n − 2}, the term
as l i (a σ(1) , . . . , a σ(i) ) lies in positive degree. On the other hand, if j = n, we have l n (l 1 (a σ(1) ), a σ(2) , . . . , a σ(n) ) = 0.
This follows from the fact that if a σ(1) ∈ A 0 , then l 1 (a σ(1) ) = 0 and if a σ(1) ∈ A 1 , then l 1 (a σ(1) ) = d DL (a σ(1) ) has its Hamiltonian derivation vanish. Therefore, the only non-zero terms in the higher Jacobi identity occurs for j = 1 and j = n − 1. Case 1. (n = 2) In this case, the summation in Equation (2) reduces to l 1 (l 2 (a 1 , a 2 )), which is zero by degree reasons. 
Using the explicit unshuffles and definitions of higher maps, we get the above summation as a j }, a 2 , . . . , a j , . . . , a n ) a j }, a 1 , . . . , a i , . . . , a j , . . . , a n )
This term vanishes from Lemma 5.4. Hence the higher Jacobi identities hold.
The above p-term L ∞ -algebra is called the algebra of observables associated to the isotropic involutive subbundle ξ.
defines an automorphism of the L-Courant algebroid DL = DL ⊕ J 1 L. This is called the gauge transformation by B. Therefore, it acts on the set of all Dirac-Jacobi structures on L. However, the Lie algebra of observables of the corresponding Dirac-Jacobi structures are not isomorphic (unless B = 0). A similar situation also holds for higher dimensions. Namely, if B ∈ Ω p+1 cl (DL, L) is a closed Atiyah (p + 1)-form on L, then the gauge transformation
acts on the set of isotropic involutive subbundles of (DL) p . However, it does'nt induce an isomorphism on the corresponding algebra of observables.
In the next, we define a transformation of isotropic involutive subbundles of (DL) p which induces an isomorphism on the corresponding algebra of observables.
5.7.
Lemma. For any λ ∈ R \ {0}, we define a map m λ : (DL)
If ξ ⊂ (DL) p is an isotropic involutive subbundle of (DL) p , then m λ (ξ) is also an isotropic involutive subbundle of (DL) p . Moreover, the corresponding p-term L ∞ -algebras as in Theorem 5.5 are strictly isomorphic.
Proof. For (△, α), (∇, β) ∈ Γξ, we have
Moreover, one can easily verify that
This shows that m λ (ξ) is an isotropic involutive subbundle of (DL) p .
where B(α, β) = 1 2 (i △α β − i △ β α). The first identity follows from the definition of the Lie derivative and the second identity follows from the first one.
• When ω is non-degenerate, the bracket of Hamiltonian Atiyah 1-forms are given by
as (△ β , d DL β) ∈ Gr(ω), where △ α and △ β are unique Hamiltonian derivations associated to α and β, respectively. Moreover, we need the following lemma which will ease some of the next computations.
Ham (DL, L) with Hamiltonian derivations △ α , △ β and △ γ , respectively, we have
(by (10))
Hence,
(by Lemma 5.8) Hence the proof.
dg Leibniz algebras.
In the previous subsection, we associate an L ∞ -algebra to any isotropic involutive subbundle of (DL) p . For a closed Atiyah (p + 1)-form ω ∈ Ω p+1 cl (DL, L) on L, the graph Gr(ω) ⊂ (DL) p defines a isotropic involutive subbundle. Hence, by Theorem 5.5 there is a p-term L ∞ -algebra.
In this section, we show that if ω is non-degenerate, then there is also a dg (differential graded) Leibniz algebra structure on the same chain complex. vanishes. If |α| = |β| = 0, then
Hence the proof.
Concluding remarks. The notion of L-Courant algebroids are generalization of Courant algebroids in the realm of contact geometry. More precisely, like Courant algebroids are symplectic NQmanifolds of degree 2, L-Courant algebroids (contact Courant algebroids) are contact NQ-manifolds of degree 2 [6] . There are some generalizations of Courant algebroids by relaxing the Jacobi identity of its bracket and they have suitable super-geometric interpretations. Pre-Courant algebroids are similar to Courant algebroids without the Jacobi identity of the bracket [21] . One the other hand, twisted Courant algebroids are similar to Courant algebroids on which the Jacobi identity of the bracket is controlled by a closed 4-form [7] . A twisted Courant algebroid corresponds to a 2-term Leib ∞ -algebra [19] . One may also study similar generalizations of L-Courant algebroids, their supergeometric interpretations and associated algebraic structures.
